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Quantum circuits

Similar to boolean circuits.

Used to describe quantum algorithms.
There are multiple quantum circuits for a single algorithm.
We can optimize quantum circuits by rewriting them into equivalent ones.
Crucial task in quantum compilation pipelines.

Our long-term goal: Certify quantum circuit equivalences.
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String diagrams
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The string diagram formalism comes with a bunch of coherence laws
governing the intuitive behavior of wires and boxes.
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From diagrams to terms

5.5
:l:;;—>A —>f;g I i feg

But then, there are multiple terms representing the same diagram.

A® (B (idi ® A))
. (id; ® B) 3 (A® (id; ® A))

9
B (A® B) s (ids @ A)
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Coherence laws as terms

The coherence laws yield rewrite equations between terms.

=
fsid, = f
_
(f®idy) s (idn®g) = (idn®g)s(f®id,)

XX =

Onm$Omn = idn—{—m

_ £]

2]
(f®g)somqg = onp(g®f)
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Diagrammatic equivalence

Given two diagrammatically equivalent terms t; and t,,
compute a rewrite sequence from t; to t,.
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Contributions

General problem seems difficult. We solve two sub-problems.
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We tried some automated tools to encode the problem (egglog, Vampire,
E, etc.). But it was not successful, especially because of the inherent
presence of arithmetic in the problem.
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General problem seems difficult. We solve two sub-problems.

(1) Diagrams without swaps. (2) Diagrams with only swaps.

A
o

We tried some automated tools to encode the problem (egglog, Vampire,
E, etc.). But it was not successful, especially because of the inherent
presence of arithmetic in the problem.

Instead, we design terminating and confluent term rewriting systems.

6/19



Diagrams without swaps



Sequence of layers

Idea: Transform diagrams as sequences of layers.
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Ordering the layers

Issue: How to order the layers?
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Ordering the layers
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Normal form

Li(g) =idk ® (g ®id) = i

——
——
o

Definition

A normal form is a sequence of layers

L5 (g1) 3 (Lez(g2) 5 (Lia(g3) ’ ()))

such that

kh<ko+i , k<ki+iz , k3s<ks+iz |,
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Rewriting system

(tsu)sv—ts(ugv) (R1) (teuyev —t(uev) (R2)
id,st —t (R3) tsid, — t (R4)

idy @idm — idpsm (R5)  idy® (idm @ t) —> idpim®t (R6)

UuRvV — (U X iddom(v)) H (idcod(u) ® V) (R?)
if u#id, Av #£idy
id, ® (usv) — (id, @ v)5(id, ® v) (R8)

(vsv)®id, — (v®id,) 5 (v®id,) (R9)

L5 (g1) 5 Li2(82) — LB yi— o (82) 5 L2212 (1)

(R10)*
if kl Z k2 + I'2

* There are actually two instances of this rule, allowing to apply it in a bigger sequence of layers.
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Theorem

The rewriting system is terminating and confluent.
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Theorem
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N

(Idog(A@ldQ )9((Id1 58 Ido ) (|d2$(A®|dg)))
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1

A® (B3 (id; ® A))

The key steps of the proofs have been verified using the proof assistant
Isabelle/HOL.
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Diagrams with only swaps



[—] : terms — permutations
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The normal form is no longer unique
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Canonical form
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Canonical form

Definition

A canonical form is a normal form

LZ(Unl,fm) ; (LZ(Unmmz) ; (LZ(UTB,"B) ; ()))
such that m; = my =m3 =---=1 and

ki <k , ka<ks , ks<ks |,
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New rewrite rules

LZ(Unl,fm) ; (LZ(U"Lmz) ; (LZ(U"?,,"B) ; ( )))

The conditions m; = 1 are satisfied with the following new rewrite rules.

15/19



New rewrite rules

L5 (0mm) 5 (L(omm) 3 (Li(omm) 5 ()

The other conditions k; < ki1 are satisfied with the following new
rewrite rules.
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Rewriting system

00,0 — id, (Rll) Ono — id, (R12)
Onmtl — (0',7,,-,, ® Id1) 3 (Idm (024 Un,l) (R13)

Li(7a) § L (1a) — LE(7a) § LETL (7a1) (R14)
if di>1,db>1 and ko < ky < ko +dr — d
LZ (Td1) 9 LZ(sz) — LZJrl(sz*l) S L/lfi+1(7d1*1)

(R15)
if di>1,db>1 and kp < kit ANky+dr —di < ki < ko + d>

L§ (7a,) § LB (7ay) — L (T 1) (R16)
if dg>1,db>1 and ki = ko + d>
LEH (1) 5 L (700) — L2 (7a) 3 LE(Tar)

(R17)
if di>1,db>1 and ki > ko + dh
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Theorem

The rewriting system is terminating and confluent.
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Theorem

The rewriting system is terminating and confluent.

The key steps of the proofs have been verified using the proof assistant
Isabelle/HOL.
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We solved two sub-problems.

(1) Diagrams without swaps. (2) Diagrams with only swaps.

A
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Future work

We solved two sub-problems.

(1) Diagrams without swaps. (2) Diagrams with only swaps.

A
Fm—rmal:

The next step is to combine the two solutions to solve the general problem.

(3) Diagrams with swaps and boxes.
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O Ex10
=L Thanks!
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